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                                                            Abstract 
    Non-linear cascade scattering of intense, tightly focused laser pulses by relativistic 
electrons is studied numerically in the classical approximation including the radiation 
damping for the quantum parameter ћx-ray/<1 and an arbitrary radiation parameter. The 
electron energy loss, along with its side scattering by the ponderomotive force, makes the 
scattering in the vicinity of high laser field nearly impossible at high electron energies.  The 
use of a second, co-propagating laser pulse as a booster is shown to solve this problem. 
 
 
 
 
 
  The scattering of intense laser light by relativistic electrons, especially in cascade regimes 
when an electron scatters more than one x-ray photon, is one of the most important 
mechanisms of radiation from plasma produced by intense femtosecond laser pulses [1]. 
Presently, the laser intensities are approaching to a threshold where the radiation becomes 
dominant [2] and, therefore, the matter of detailed study. So far, ab initio simulations of the 
radiation even from a classical relativistic plasma standpoint, requiring extremely high 
spatial and temporal resolution, are impossible. Understanding of the radiation processes in 
relativistic systems in high laser fields is a pressing issue to derive proper empirical 
approaches for calculation of the radiation damping and spectra of such plasma. Non-linear 
and quantum radiation effects in the interaction of relativistic electron beams and intense 
laser pulses occur at relatively smaller, accessible laser intensities. Their experimental and 
numerical study could result in developing the necessary radiation models.  
    In contrast to the cyclotron radiation [3], the laser light scattering process is always a 
free-free electron transition and may run differently depending on the field and electron 
energies. At low laser pulse intensities and high electron energies there is the well-known 
Compton scattering determined by the only quantum parameter: = 2ћ0/mc
2
, 0 is the 
electron relativistic factor and 0 is the frequency of a laser photon (see detail in Ref. [4]). 
If the parameter  exceeds the unity the maximal energy of photons must be less than 420 
and is emitted in an angle -. The scattering cross-section decreases with further  
increase [4]. At high intensities the ‘quantum’ scattering is usually characterized by a 
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probability, P, differs from the classical as ~Pclassical()
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 [5]. However at a0<<1, this 
parameter differs from the quantum parameters, , for the Compton scattering [4]. 
Moreover, the parameter  amazingly fits with the part of classical radiation force 
responsible for the scattering [7]. If the parameter , where is the interaction time, is 
large, the approximation of a ‘fixed’ electron trajectory as in Ref. [8] is not valid anymore; 
the radiation damping becomes essential. Depending on the pulse duration , it may be a 
single act resulting in the electron retardation or a cascade of scattering with the same result. 
The simplest estimation of the number of scattered photons )/()/( 0
22  Iemcnph  , I is 
the laser pulse intensity, gives nph~2-3 or the cascade already at ~1J energy laser pulse 
focused in ~10 m focus spot. 
    In a strong laser field when 10 a  harmonics appear and the quantum parameter is 
different from the classical. Its definition is not simple. In the ‘fixed’ trajectory classical 
approximation the spectrum is flat till the energy is less than the critical energy [8]:  
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At high frequencies the spectrum exponentially decreases ~exp(-2/c). The simplest 
definition of the quantum condition might be )1(2   mcc  (or for large a0 and 
 /)6/2( 0
2
0 mca  [for XFEL this condition achieves ~10
4
 times lower a0] when 
the most of radiation energy should be emitted with an essential recoil: parametrically at 
large a0 this condition coincides with >>1.  However, the radiation damping may change 
the spectra and result in softer quantum conditions. 
    The interaction of an electron with an intense laser pulse is not always a stationary 
process that can be characterized by a cross-section or a probability. For example, a typical 
quantum consideration of the problem [5,6,9,10] assumes that the electron instantly appears 
in a strong plane wave propagating contrary to the wave with momentum p0. This approach 
is built on a relatively simple basis of Volkov’s functions, /iSVp Ae , where A is an 
amplitude, S is a classical action [4,5]. The calculated probability naturally includes the 
radiation reaction. However, in a strong field an electron will lose its energy rapidly, then, 
the electron will be trapped and move along the wave. Therefore equations for the 
scattering matrix 
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radiation potential [4], has no small parameter; their solution Cp(t>>) restricted by the 
pulse duration may have a quite broad distribution over momentum p making the exact 
solution not practical in the cascade regime. Moreover, the ponderomotive scattering is 
missing in this approach. The classical consideration including the radiation damping may 
help to understand a physical model necessary for an advanced quantum consideration.   
   In this letter, the scattering of intense focused laser light and its effects on the electron 
motion is analyzed in the framework of the classical approximation [11] including the 
radiation damping and ponderomotive effects. 
    A 6-th order Runge-Kutta method [12] is used to solve equations of motion for an 
electron written in the form: 
                          
 
)/(
)/(1;)/( 22


mp
dt
rd
mcpfmcBpEe
dt
pd
RD






, 
where fRD is the radiation forced in the form [4] with the main part responsible for the light 
scattering  as  
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with E and B the electric and magnetic fields, respectively, and v is the electron velocity. 
To include correctly the ponderomotive force, we use the parabolic approximation for the 
focused laser field [13]. The transverse components have the following forms                  
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=w0/ is the Rayleigh length, Dfλw  /2=0    [f, D, and  are the focal length, beam 
diameter, and the pulse wavelength], Hl is Hermite polynomial. The longitudinal 
components satisfy equations: div E=0 and divB=0. Particularly for the pair {Ex,By}: 
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performed for l=m=0 and w0=5 m. To calculate the spectrum (for the intensity), we exploit 
the well-known equation for the Lienard-Wiechert potential [7,8] 
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Where rj, vj are the electron coordinate and velocity, respectively, at t=tj, and t is the 
integration time step (~10
-50
-1
). 
  In Fig.1 the typical spectra of backward scattering (=0) are presented for a0=1 for 
Gaussian pulses 20, 90, and 200 fs with a0=1 for a head-on collision with =200. These 
spectra expectedly demonstrate the proportional increase of intensity of the scattered x-rays 
with the pulse duration. However, even in this weakly non-linear case, the spectra depend 
on the pulse duration. For the long laser pulse the spectrum is very similar to that which 
follow from a ‘fixed’ trajectory approximation as in Ref. [8]. For shorter pulses, a certain 
red shift is clearly seen in the spectrum. We attribute this effect to the stronger 
ponderomotive force at the entrance for the laser pulse resulting in lower energy of the 
electron in the vicinity of stronger radiation. The backward spectra for the high intensity 
laser pulses a0=200 are presented in Fig. 2a,b also for head-on collisions with and without 
the radiation damping. There is clear dependency on the pulse duration; not only the 
number of scattered photons increases but there is also clear difference in the spectral 
distribution. The radiation damping (RD) drastically changes the resulting spectra. The 
intensity decreases by an order of magnitude when RD is included. The evolution of 
electron momentum for this case is shown in the inserts. One can see that the radiation in 
the vicinity of the highest field occurs at much lower electron energy than its initial. 
 Grey squares exhibit the spectral area where the recoil effect is very strong. Even without 
RD the integral energy in the quantum is essentially less than that from the lower 
frequencies emitted without a serious recoil effect. With RD the scattered photons lie far 
from the quantum area making the quantum contribution softer and, therefore, making the 
classical approach more accurate. In Fig.3 the parameter  is calculated for a relatively high 
electron energy ~1 GeV and the strong field with and without RD. One can see that the 
parameter c reaches ~1 in the absence of RD and a part of the spectra could require the 
quantum approach. However, RD results in much lower  by almost an order of magnitude 
making the classical calculation quite correct. The spectrum for ~ 1GeV and different 
pulse duration are given in Fig. 4 for a0=100 including RD. The difference in the spectrum 
cannot be expressed in simple probability approaches: while the non-linear part does not 
change much, the linear part of the spectrum changes dramatically. The increase of a0 up to 
500 amazingly results in a smaller number of scattering photons because the main 
interaction zone occurs at lower pulse intensities even though parameter  would reaches 
~10 without RD. 
   The ponederomotive side scattering is an important effect that cannot be easer 
incorporated in the quantum approach. In Fig. 5 one can see the trajectory of an electron 
scattered by an intense laser pulse. The calculation is performed for w0=5 m, however a 
small shift of the electron 2 m in the transverse direction results in a dramatic change of 
its trajectory and spectrum. The most dense electron beams are generated by the laser wake 
field acceleration [14]. However even those beams have a typical diameter ~10 m. This 
means the calculation of the scattered spectrum without the side scattering of the electron 
during the interaction will result in an incorrect spectrum. We anticipate that the classical 
calculations may provide reasonable spectral data even for very high energy electron beams. 
In Fig. 6 the backward spectrum are given for an electron with initial energy ~8 GeV. One 
can see the ‘quantum’ area indicated by the grey color contains relatively low energy and 
the classical approximation is suitable for electron motion calculations.  
     The results of calculation show that an efficient Compton scattering in high fields is 
nearly impossible due to the classical radiation damping or/and the side scattering by the 
ponderomotive force. A possible solution of the problem is by using two laser pulses. In 
conventional accelerators the radiation losses are compensated by extra acceleration of 
electron beams [3]. An electron can be accelerated in vacuum by a co-propagating laser 
pulse [15]. This acceleration is cycled with the period increasing with  and a0. A proper 
choice may make the co-propagating laser pulse the electron booster and compensate the 
energy losses for the radiation during the scattering of the contra-propagating laser pulse. 
In Fig. 7, a sample of the evolution of the electron longitudinal momentum in the two pulse 
scheme is presented. Both pulses have the same intensity a0=100 and duration =10 fs, and 
focused in w0=5 m. One can see that the radiation damping is compensated by the co-
propagating pulse acceleration and the Compton scattering in the vicinity of the maximal 
laser intensity occurs at the high electron energy. The practical realization of this method is 
difficult; the applicability of the classical approach for that case requires special analysis. 
    In conclusion, we have analyzed the effect of the radiation damping in the scattering of 
intense laser light by relativistic electrons. Nowadays, the classical method is only one, 
which allows self-consistent analysis of the interaction of relativistic particles with an 
intense laser field including the ponderomotive side scattering and electron vacuum 
acceleration. It has been shown that the classical approach is valid at much higher laser 
intensities and particle energies due to the effect of the radiation damping resulting in much 
lower frequencies of emitted x-rays. The parameter remains much less than unity due to 
the radiation damping even for GeV level electrons in the laser intensities ~10
23
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.  In the case of plasma, produced by intense short laser pulses, the ‘quantum’ 
condition is even softer because plasma electrons acquire their energy from the laser pulses 
starting from the ‘classical’ regime.   
   It has been shown that an efficient experimental realization of the scattering by relativistic 
electrons is almost impossible due to the radiation damping and ponderomotive side-
scattering. Even high energy electrons lose their energy far before the maximum of the 
laser field. However, the ‘two pulse scheme’ with a co-propagating laser pulse as an 
electron booster may solve the problem of efficient non-linear Compton scattering. The 
ponderomotive acceleration of electrons with the energy increase ~ mc2a0
2
/2 [7,14] can 
overcome the radiation damping. 
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Figure caption 
Fig. 1 Spectra of backward scattering (=) at a0=1 for Gaussian pulses 20, 90, and 200 fs; 
head-on collision at =200. (I) are the fundamental harmonics, (II)- the second harmonics. 
Radiation damping is included. 
Fig.2 Spectra of backward scattering (=) with a0=200 Gaussian pulses of 60 fs (a) and 
150 fs (b) for a head-on collision, =700, with and without the radiation damping. Inserts 
show the pulse field, a0(t), seen by the electron during the interaction and longitudinal 
momentum, Pz, of the electron.  
Fig. 3 Time evolution of  parameter for an electron =2000 with and without the radiation 
damping in a 20 fs Gaussian pulse with a0=100; head-on collision. 
Fig. 4 Spectra of backward scattering (=) with a0=100 Gaussian pulses of 10 fs (a) and 
40 fs (b) in a head-on collision, =2000, with the radiation damping, and (c) 10 fs laser 
pulse with a0=500. 
Fig. 5 Trajectories and backward spectra (insert) for a0=100 and =200 fs in a head-on (1) 
collision and a collision with a 2 m transverse shift. 
Fig. 6 Spectra of backward scattering (=) with a0=100 (a) and  a0=200 (b) Gaussian 
pulses of 20 fs at a head-on collision with =16000 ( ~8 GeV) with radiation damping. 
Fig. 7 Evolution of the electron longitudinal momentum in the two pulse scheme: both 
pulses have a0=100, =10 fs, and focused in w0=5 m, head-on collision; (1),(2),(3) are 
given for different delays between the pulses.  
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